Geometrical Optics

Chris Clark

Introduction

Geometrical optics is a formalism for analyzing sim-
ple optical systems. It models the optical phenom-
ena of reflection and refraction, but not other phe-
nomena such as diffraction and polarization.

A point source of light is a light source that emits
light of equal intensity in all directions from a sin-
gle point in space. When a point source is first
turned on, light travels outward from this point at
the speed of light, which is approximately 2.998 x 10%
m/s. If we imagine the boundary that shows how far
light has travelled from the point source, it will be
a sphere whose radius grows at the speed of light.
This boundary is known as the wave front of the
light coming from the point source. When this wave
front encounters an optical device such as a lens or
mirror, it can become distorted and lose its spherical
shape. In geometrical optics, these distortions can
be tracked using light rays, drawn as lines or curves,
that are perpendicular to the wave front at every
step of the wave front’s propagation.

Properties of Light Ray Behavior

In order to use geometrical optics, we need to un-
derstand how light rays behave. Below are the three
basic properties of light ray behavior.

(a) WHEN LIGHT RAYS ARE IN EMPTY SPACE,
THEY JUST CONTINUE IN A STRAIGHT LINE.

WHEN A LIGHT RAY STRIKES THE SURFACE
OF A MIRROR, REFLECTION OCCURS. Ac-
CORDING TO THE LAW OF REFLECTION, THE
ANGLE OF THE INCIDENT BEAM IS EQUAL TO
THE ANGLE OF THE REFLECTED BEAM. BY
CONVENTION, THESE ANGLES ARE MEASURED
WITH RESPECT TO THE PERPENDICULAR TO
THE SURFACE OF REFLECTION.

(b)

WHEN A LIGHT RAY ENCOUNTERS THE SUR-
FACE OF A LENS UPON ENTERING OR EXIT-
ING, THE RAY IS BENT BY A PHENOMENON
CALLED REFRACTION. THE LAW OF REFRAC-
TION (ALSO KNOWN AS SNELL’S LAW) SAYS
THAT THE ANGLE OF THE REFRACTED BEAM
0o SATISFIES nqsin(f;) = npsin(fy), WHERE
ny IS THE INDEX OF REFRACTION OF THE
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FIRST MEDIUM, N9 IS THE INDEX OF REFRAC-
TION OF THE SECOND MEDIUM, AND 6 IS
THE ANGLE OF INCIDENCE, AGAIN MEASURED
WITH RESPECT TO THE PERPENDICULAR TO
THE LENS’ SURFACE.

L= )

B,

These three properties of light rays encode all the
physics that is used in geometrical optics. Although
these properties are technically sufficent to analyze
any lens/mirror system, it is rather time consuming
to use them directly. You would have to use a pro-
tractor every time a ray strikes the surface of a lens
or mirror. Instead it is much better to utilize the
special properties of ideal lenses and mirrors.

Ideal Lenses and Mirrors

The following properties are the definitions of the
ideal lenses and mirrors. In these definitions, the
parameter f is the focal length, which is a parameter
that depends on the curvature and index of refrac-
tion. Also, the term optical axis refers to the axis of
rotational symmetry of the device, perpendicular to
the surface at the center point.

(a) AN IDEAL CONVEX (CONVERGING) LENS
SENDS RAYS PARALLEL TO THE OPTICAL AXIS
TO A FOCAL POINT A DISTANCE f ON THE
OTHER SIDE OF THE LENS.

AN IDEAL CONCAVE (DIVERGING) LENS
CAUSES RAYS PARALLEL TO THE OPTICAL
AXIS TO DIVERGE AS IF COMING FROM A VIR-
TUAL FOCUS A DISTANCE f IN FRONT OF THE
LENS.

AN IDEAL CONCAVE (CONVERGING) MIRROR
SENDS RAYS PARALLEL TO THE OPTICAL AXIS
TO A FOCAL POINT A DISTANCE f IN FRONT
OF THE MIRROR.



(d) AN IDEAL CONVEX MIRROR (DIVERGING)
CAUSES RAYS PARALLEL TO THE OPTICAL
AXIS TO DIVERGE AS IF COMING FROM A VIR~
TUAL FOCUS A DISTANCE f BEHIND THE MIR-
ROR.

Also, for any of these cases, the incoming and out-
going rays can be interchanged because lenses and
mirrors are always symmetrical with respect to in-
coming and outgoing light rays.
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Image Formation

The most common use of geometrical optics is to
find where and how images form. A real image is
a configuration of light rays that will reproduce the
appearance of an object if a screen is placed at its
location. For example, if you have a light source
and an object on one side of a convex lens, there will
be some location on the other side where you can
place a screen to see the object clearly in focus on
the screen. If an image is in focus, then all light rays
that originated from one point on the object must
arrive at a single point in the image. If this is not
the case, then rays from different parts of the object
will mix and blend together on the screen, causing
blurring. Using this fact that light rays must recon-
verge in order to form a real image, we can find the
image location using a ray diagram.

How to Draw a Ray Diagram

(a) DRAW THE LENS AND ITS OPTICAL AXIS AS A
DOTTED LINE.

DRAW THE OBJECT AS AN ARROW STARTING
SOMEWHERE ON THE OPTICAL AXIS POINTING
PERPENDICULAR TO THE AXIS.

(b)

DRAW A RAY FROM THE END OF THE ARROW
TO THE CENTER OF THE LENS AND CONTINU-
ING STRAIGHT THROUGH TO THE OTHER SIDE,
OR TO THE CENTER OF THE MIRROR AND RE-
FLECTING OFF AT THE SAME ANGLE.

DRAW A RAY FROM THE TOP OF THE AR-
ROW, PARALLEL TO THE OPTICAL AXIS UNTIL
IT REACHES THE MIDPOINT OF THE LENS OR
THE SURFACE OF THE MIRROR, THEN BEND
THIS LINE TOWARD THE FOCUS OR DIRECTLY
AWAY FROM THE VIRTUAL FOCUS ACCORD-
ING TO THE DEFINITION OF THE APPROPRI-
ATE IDEAL MIRROR OR LENS.

FIND THE INTERSECTION OF THESE TWO
RAYS AND DRAW AN ARROW FOR THE REAL
IMAGE PERPENDICULAR TO THE OPTICAL
AXIS, STARTING ON THE OPTICAL AXIS AND
EXTENDING TO THE POINT OF INTERSECTION.

The first two steps are just to setup the problem.
The third step is based on the thin-lens approxima-
tion. If the lens is not thin, then a ray heading to-
ward the center of the lens will not emerge from the
other side of the lens in the same direction. But if
the lens is thin, the angle of refraction on the far
side cancels out the angle from the near side since
the situation is just inverted (air to glass, then glass
to air, but otherwise symmetrical). The fourth step
is justified based on the definition of ideal lenses and
mirrors. The fifth step is a result of the definition of
a real image.

Gaussian Lens Equation

Using the ray diagram for an ideal convex lens, we
can find a relationship between the focal length and



the distances from the lens to the object and image
called the Gaussian lens equation,
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where f is the focal length, d, is the distance from
the lens to the object, and d; is the distance from
the lens to the image.

To derive this equation, consider the figure of the
ray diagram on the previous page. Let the height of
the object be h, and the height of the image be h;.
Then by similar triangles,

ho _ hi
dy, d;
and
ho _ by
foodi—f
Multiplying the second by (d; — f)/ho,
di —f _hi
f ho
Using the first relation,
di—f _di
fod
Dividing by d;,
1 r_1
foodi do
which gives the Gaussian Lens Equation upon rear-

rangement.

This equation can be applied to both convex and
concave lenses if certain sign conventions are used.
According to the convention, the focal length of con-
cave (diverging) lenses is negative. This requires
that either the image or object distance must be
negative. This negative sign in the distance flips
the side of the lens that the image or object is on,
so if just one is negative, then both the image and
object will be on the same side of the lens. When
the image location is negative, the image is called a
virtual image.

Virtual Images

There is a second type of image that is completely
different from real images. A wvirtual image is a name
given to the image that appears to us on the other
For example, the image
of yourself in a mirror is a virtual image, as is an
enlarged view of text under a magnifying glass. Vir-
tual images do not produce a focused configuration

side of a lens or mirror.

of light rays at the image location; it is just an appar-
ent image, so it can never be projected on a screen
at the image location. Our eyes are designed with a
converging lens so that they can focus diverging rays
because in the absence of any optical devices, rays
from objects naturally diverge. This is why our eyes
can focus the virtual image from the rays coming out
of a diverging lens.

Virtual Object
image

Combining Optical Devices

Some problems in geometrical optics involve a series
of two or more lens and/or mirrors. For example,
light rays may pass through two consecutive lens be-
fore forming an image on a screen. These problems
can still be analyzed with the Gaussian Lens Equa-
tion if the following rules are obeyed.

e TRACE THROUGH THE PATH THAT LIGHT
RAYS TAKE THROUGH THE SYSTEM, STARTING
FROM THE LIGHT SOURCE.

e EVERY TIME THE RAYS STRIKE A DEVICE,
COMPUTE THE IMAGE LOCATION (WHETHER
REAL OR VIRTUAL) WITH THE GAUSSIAN
LENS EQUATION, AND USE THE IMAGE AT
THIS LOCATION AS A VIRTUAL OBJECT FOR
THE NEXT DEVICE THAT THE LIGHT RAYS
WILL STRIKE. NOTE THAT SOMETIMES THE
IMAGE LOCATION WILL BE ON THE FAR SIDE
OF A BARRIER WHERE NO LIGHT CAN REACH,
BUT IT STILL WORKS BECAUSE IT IS A MATH-
EMATIAL TRICK.

e BE SURE TO USE THE PROPER SIGN CONVEN-
TIONS WITH NEGATIVE DISTANCES FOR VIR-
TUAL IMAGES AND OBJECTS.

In some cases you may have to leave some image
locations as unknown variables and solve for them
after writing down all the equations.

* Images courtesy of Wikipedia (user DrBob).



